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X. On the Collision of Elastic Bodies.
By S. H. Bursury, F.R.S.

Received October 24,—Read November 19, 1891.
Revised June 25, 1892,

Ix a paper read before the Society on June 11, Sir WiLniam THOMSON expressed a
doubt as to the general truth of the MaxwrLL-BorLTzMANN doctrine concerning the
distribution of energy among a great number of mutually acting bodies, and suggested
that certain test cases should be investigated. The test that he proposed on that
occasion was a number of hollow elastic spheres, each of mass M, and each containing
a smaller elastic sphere of mass m, free to move within a larger one. This pair he
calls a doublet. This case is within the general proof of the doctrine given below.
It is, however, I think amenable to a simpler treatment, which has been applied to
the case of elastic spheres external to one another.

1. Every doublet has a centre of inertia of the sphere M and its imprisoned m.
Let V be the velocity of that centre of inertia, R the relative velocity of M and .
If V and R be given in magnitude, R given in direction, V may have any direction,
and in MAXwELL's distribution, for given direction of R, all directions of V are
equally probable. Conversely, if, whatever be the values of V and R, for given
direction of R all directions of V are equally probable, MAXWELL’S law prevails.
Now consider a very great number of doublets, all baving their relative velocity and
the velocity of centre of inertia within limits R, R 4+ dR, and V,.V 4 dV. Consider
them before and after collisions between M and m. Nothing is changed by collision
except the direction of R, and that change of direction is independent of the direction
of V. Therefore after collision for given direction of R all directions of V are equally
probable, and therefore MAXWELL's distribution prevails after as well as before col-
lision, and is therefore not affected by collisions.

To proceed to more general cases.

2. The characteristic property of collisions of conventional elastic bodies is that
with continuous variation of the coordinates, and without variation of the kinetic
energy, the velocities at a certain instant change discontinuously. The general
treatment adapted to systems of this kind is as follows :—Let there be a system

defined by n coordinates p; . .. p,, the corresponding velocities being 151 .. Pu and
the generalised components of momentum ¢, ... ¢, At a certain instant a collision,

i.e., discontinuity of p,...p’, occurs. After the collision, let the velocities and
3,8.92
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408 MR. S. H. BURBURY ON THE COLLISION OF ELASTIC BODIES.

momenta be denoted by p'y ... P, ¢4+ .. ¢» Let U be the potential. In the con-

figuration p, ... p, there are n — 1 independent linear functions of the = forces,

dU dU . .
— ——. .. — ——, each equal to zero. We might then find n new coordinates ¢, ... ¢,
dp, dpn

such tha,t%g:O. .. a

¢ de,

= 0, and therefore if S, S, ... S, be the components

. as,; dT ds as, -
of momentum corresponding to ¢, . . . ¢ ,, "d? = .- &, and Qt_l R =L

zero. In the limit when the remaining force becomes infinite and acts for an infinitely

are finite or

¢

short time ¢, [ % dt=0or 8 —8,=0...8,.,—95,_, =0, and restoring the
0

original coordinates.
4 (}71 - i?’l) + bl (102 "2.9,2) +.. .+ kl (Pﬂ “'Zb'n) = 0]
a(p,—p)+ ... o =0 b. . (A),
@ (pr—p)+ - = OJ

in which the coefficients are functions of the coordinates.

And therefore n — 1 linear functions of the ]5’3 are unaltered by the collision, namely :—

“11.01 + blsz +.. 4k 2.% = “1]'5‘, + bllalz + ...+ kl]yn =5, suppose )
%201 “l‘ 62202 . + kﬂon = %P} + %Pz + + k, 29n = Sz L . (B).

' l

J

a’ﬂ—lpl + b%-—lpz + + kn—l_pn - 067,__1p 1 “} b,; _1]9 ) + + 7571-110 = S”—l

Again, since the kinetic energy is unchanged,

3 joq = 22;)/9,’

and by the properties of generalised coordinates

Sp'g=3pq.
Therefore

S+ (p—)=0 . . . . ... (O

The last equation forms, with the n — 1 equations (A), a system of n equations,

all linear as regards p, — p'), &e.  Since p, — 'y, &e., are not all zero, we must
equate the determinant of the system (A) and (C) to zero. That gives us a linear
equation in ¢; + ¢}, ¢3 + ¢’y &e.  We can now substitute for the ¢’s their values in

terms of p; . . . P, and so obtain a linear equation
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MR. S. H. BURBURY ON THE COLLISION OF ELASTIC BODIES. 409

“(1.01 +].9l1) + :3(102 +].7’2): &e. =0,

or
apy+ Bpy+. .= R=— (e + By - ),
where a, B, &c. are functions of the coordinates and constants.

That is, we have in all n — 1 linear functions of the velocities, namely, S,...S,_,,
which remain unaltered by the collision, and one other linear function, R, which
remains unaltered in value, but changes sign. That must be the case on every
collision of elastic bodies.

8. The kinetic energy may be expressed in terms of the n variables S; ... S,_,,

and R, in lieu of the n velocities ]31 ca ].?,,, and since it is not altered by the collision,
which changes the sign of R, leaving S, ... S,_, unaltered, it must be of the form

2E =f(Sl 0. Sﬂ__l) + )\]}2,

in which £(S,...8,_,) is a quadratic function of S; ... S,_, with coefficients functions
of the coordinates and constants of the system, and A is a function of the coordinates
and constants.

4. The system, after collision, has velocities p’;, &c., which we will call the
second state. 'We may conceive a system with the same coordinates having
velocities — p’}, — ];'2, &c., and call this the second state with reversed velocities. In
this state, S, ...8,_; will have opposite signs to those they have in the first state,
and R has the same sign as in the first state. ~ The system retraces its course, and a
collision occurs changing — p; into — p,, &c., leaving S,...S,_; unaltered, and
changing R into — R. |

5. To define a collision, we may suppose that a certain function, v, of the coordinates
and constants is prevented by the physical conditions of the system from becoming
positive. ~ When 4 becomes zero, dys/dt from being positivé becomes discontinuously
negative, and a collision is said to take place. We may take ¢ for one of our
generalised coordinates in lieu of p,, and z,i:, or dys/dt, for the corresponding component of
velocity. The kinetic energy is a function of p, ... p,_y, ¥, and we may express it as
a function of S;...S,_,, and \,b, where S;...8S,_; are the constants found above.
Since the kinetic energy is not altered by the discontinuous change in W, whatever the

values of 8,...8S,_,, it must be of the form f£(S;...S,_)) 4+ I\ That is ¢ is
reversed in sign, but unaltered in magnitude by the collision, and is, therefore, equal
or proportional to R found above.

6. What we have proved for a system is of course true if for system we write pair
of systems. For instance, let there be two sets of systems: (1) systems M defined by
coordinates p, . . . p,, and velocities p, . . . P, and (2) systems m defined by coordi

nates and velocities p, ;... p, and p, ., . . . pur If Y is a function of p, ... p, such
MDCCCXCIL—A. 3@
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410 MR. S. H. BURBURY ON THE COLLISION OF ELASTIC BODIES.

that when ¢ = 0 a collision—i.e., a discontinuity of the velocities—oceurs, we may
treat the pair of systems M, m in all respects as a single system within the preceding
investigation.

7. All those systems, or pairs of systems, for which at any instant i lies between
zero and — (dy/dt) 8¢, dis/dt being positive, will undergo collision within the time 8¢
after that instant. We may, therefore, take dis/di or R as measuring the frequency

of collisions for given values of p,, &c.
8. From the linear equations (B) above given we can find any of the velocities, for

instauce, 15], as a linear function of S, ... S,_; R, and p’, will be the same function
with — R written for R. Hence p,®> — p/,® = 4R3uS where

IS = wS; + mwS, + &e,

and the p's are functions of the coordinates and constants.

Also (p2 — p'2) R = 4R¥SuS.

Now, without altering E or R, or the coordinates, let us make Sl ... S,_; pass
through the whole range of values consistent with
2E=NMR*4+F(S,...8-) . . . . . . . (E).

Also let ¢ (S;...8,_1)dS;...dS,_, be the number of systems for which these
variables lie between the limits

S, and 8, 4+ dS,
Sﬂ—l a-'nd Sn;—l + dSM-—lJ
E and R and the coordinates being constant.

Then
[ (2 =pOR. g 8im)ds, . a8,

= 4R ([ p(S,. .. SIS dS, . dS,

the integrations being over all values consistent with (I).

Now, in the MaxwerL-Borrzymaxy distribution ¢ (S, ... 8, ;) is a function of
the kinetic energy only, and is therefore constant throughout this integration. There-
fore the right-hand meraber of the last equation is zero, because for any given set of
values of S, ... S,_, satisfying (E), there is a corresponding set with the opposite
signs also satisfying it. Therefore

[ Bé . S (P =P dS .. A8 =0,

and, therefore, the average value of p,> — P2 for all collisions given E and R is zero.

The same is true for p,? — 25’22, &e.
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And, therefore, since E and R are arbitrary, ].)12, &c., are not altered by collision
at all, that is, the MaxwrLL-BoLrzMANN distribution, given existing, is not altered
by collisions. o

The above proof also shows that p2 — é)’lz is zero without the factor R, that is, the
average value for all systems is zero, as well as for all collisions ; and in proving that

]52 = j)'z, it does not matter whether we introduce the factor R or not.

9. We will give certain examples of the functions S, .. .S,_; R.

I. Elastic spheres of masses m and M respectively. Here a colliding pair, which
corresponds to a system in the general treatment, bas six degrees of freedom. There
should, therefore, be five linear functions of the velocity unaltered by collision. They
are z, ¥, X, Y, the tangential components of velocity at the instant of collision, and

mu 4+ MU = (M + m) V= mu' 4 MU',

where w, U are the normal components.
We have from the last equation

m (v — ')+ MU —TU") =0,
and by the equation of energy
m (v — u?) 4+ M (U* — U”) =0,

whence
uv+u =040,
or

u—U:-(u'-—-U'):R.

II. The system consists of a sphere of mass m colliding with a spheroid of mass M.
It is assumed that the spheroid will acquire no rotation about its axis of figure, but
may have rotation about any other principal axis. It has then five degrees of
freedom, and the system of sphere and spheroid has eight.

We require, then, seven linear functions of the velocities to be invariable.

Let O be the centre of the spheroid, OZ in the plane of the paper, its axis of
figure, P the point of collision, PN normal at P, ON perpendicular to PN, and
ON =¢, A the moment of inertia of the spheroid round an axis through O perpen-
dicular to OZ. Then our seven constants are

3 a 2
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412 MR. 8. H. BURBURY ON THE COLLISION OF ELASTIC BODIES.

(1), (2), (3), (4). Four tangential components of velocity.

(5). The angular velocity @ of the spheroid round an axis perpendicular to OZ in
the plane of the paper.

And if u, U be normal components of velocity, and o the angular velocity round an
axis through O perpendicular to the plane of the paper, the following two, viz. :—

By conservation of momentum,

(6.) mu+ MU = (M + m) V =muv 4 MU".

By conservation of moment of momentum round the axis through O perpendicular
to the plane of the paper,

(7.) —McU 4+ Ao =8 = — McU" 4 Ao".
We then form the equations
m(u — )+ MU —U") =0,
— M¢(U —TU") 4+ Ao — o) =0,
and by conservation of energy,
m(w+v)(uw—2)+MUF+U)(U—-U)+ Ao+ o) (0—a)=0;
and equating the determinant to zero we obtain, neglecting common factors,

v —U —co = p,

W= U = co = —p,

and, using V, S, and p for S, ... 8,_; and R in the general equations, we see that if
the MAXwELL-BorrzMANN distribution of energy exist, it is not disturbed by colli-
sions between spheres and spheroids.

III. Professor BURNSIDE'S problem (see his paper, Roy. Soc. Edinburgh, July 18,
1887). He supposes a number of similar and equal spheres, each of unit mass, but
each sphere, instead of being homogeneous, has its centre of inertia at a distance ¢
from its centre, ¢ being supposed very small compared with the radius. The principal
moments of inertia are for each sphere A, B, C, and the direction cosines of ¢ referred
to the principal axes through the centre of inertia are for each sphere the same, viz.,
a, B,v. The direction cosines of the line of centres at impact referred to the principal
axes are for one sphere I, M, N, and for the other /, m, n.

Further the normal velocities are U, w, and the angular velocities round the
principal axes are O, Qy, Q, w;, 0y, wg for the two spheres respectively.

Finally we write,

NB—My="P nf3 — my = p.
Ly — Na=Q ly — ne = q.
MOL—LB:R moc—-Z,B =
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The system of two spheres has twelve degrees of freedom. We require, there-
fore, eleven linear functions of the velocities to be invariable. They are as follows,
viz., four components of velocity in the common tangent plane, , v, X, v, and seven
others, viz.,

. +U =V =v +U,
cpu + Ao, =5 =cpu’ + Aow'y,
cqu + Bo, = s, = cqu’ + Bo'y,
cru  + Cog =83 = crv’ + Cao's,
cPU — A0, =8, = cPU — A,
QU — B, = 8§, = ¢QU’ — B/,
cRU — C0; = S; = cRU" — CQ’,.

As before, we form the equations,

w— + U =T =0,

ep (u — ) + Ao, —0,) =0,
cq (v — ) + B (0, — o) =0,
or (u — u') + C (w5 — o) =0,
P (U — 1) A0, — ) =0,
QU-T) —B(0,— ©) =0,
¢cR(U — U —C(Q;—05) =0,

and by the conservation of energy,
(w4 ) (w—v)+(U4+U)(U=TU)+ Ao, + ) (0 — &) + &e. =0
and equating the determinant to zero,

u— U — ¢ (po, + quy + 70; + PO, 4 QQ, + RQ;) = p,
W — U —c(poy + qo'y + o'y + PO + QQy + RQy) = —p

We can now substitute V, sy, sy, 85, 1, Sy, Sg, p for 8, ... 8, R in the general
equation, and we obtain, as before, the result that the MAXWELL-BorTzMANN distri-
‘bution, given existing, is not affected by collisions.

10. Professor BURNSIDE obtains the same eight equations as above given, and I
acknowledge my obligation to him, but he originally deduced the result that the
energy of rotation is twice the energy of translation, instead of equal to it, as,
according to the theory, it should be. He has since seen reason to change his views
with regard to this problem.
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The equations given by Professor BURNSIDE can easily be modified so as to meet the
case of elastic bodies of any shape.

11. It would not be difficult to extend the method of (8) and show that the
MaxweLL-BoL1zMANN distribution is a necessary, as well as a sufficient condition for
stationary motion. But that is more completely done by following or extending
Borrzmany’s method.

Let there be a set of systems which we will call systems M, whose co-ordinates and
velocities are p, . .. p, and p, . . . P,

Let the number of such systems for which at any instant the co-ordinates lie
between the limits

py and p; + dp,
oo (A),
p,and p, + dp,

and the velocities between the limits
]:.)1 and 2.91 + djal
p. and p, + dp,

be

F(py...pepye.. pf) dp, . .. dp, djol .. dp,,
or, shortly, :

Fdp, .. . dp, dp, . .. dp,

- Let there be another set of systems, which we will call systems m, whose co-

ordinates are p,,, ... p, and velocities p, 1 e }.)H.
And let the number of systems m for which at any instant the coordinates lie
between the limits

Prar and P,y A+ dp, g
pu and p, + dp,

and the velocities between the limits
_2.71'4.1 and };7'+1 -+ d};u-l ,
e (B,

p, and 137,, + dp,
be

F(Pror- - .pnja,.+1 . .jvﬂ) dp, 1 ... dp, Cl};,-+1. . dﬁn
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or, shortly,
fodpeyr .. dpydp, ... d]b”.

The number of pairs of systems, each consisting of one system from each set, whose
coordinates and velocities at any instant lie within the above limits, is

dp, ...dp, dp,,, ... dp,Ef.

Now let  be a function of the coordinates which cannot become positive, and
such that when ¢ = 0 the velocities change discontinuously, and a collision occurs.
We may use ¢ for one of our coordinates, expressing p, in terms of p; ... p,_,

and ¢, and in like manner {on in terms of 12)1 ce 15”_1 and . All those pairs for which

at the given instant i lies between zero and — ¥, ¥ being positive, will undergo
collision within the time &t after that instant. And so the number of such collisions

in unit time is, writing R for 4,

dpy . ..dp,_dp, ... dp,_,dR.EfR.

Here F is a function of p, . . . p, only, but £, by virtue of the elimination of p, and
P, is now a function p, . . . p,_; and ]51 e Qéﬂ_l R.

Each of these collisions changes p, into 2}, &c., that is, changes the system from
the first into the second state. The number in unit time of collisions, which with the
same coordinates change the system from the second state with reversed velocities
into the first state with reversed velocities, is

dp, . ..dp,_,dp’,...dp,_, dARFfR,

in which F, f” are the same functions of p'}, &c., as F, f are of Py, &
By a known theorem

dj)ll A d}’.)/”__l - d];] oo d:p.n—la

and in MAxwEeLL's distribution Ff'= F'f".  And so the number of reverse collisions
is in that distribution equal to the number of direct collisions. And this insures the
permanence of the distribution. Tt is assumed that there are always as many systems
with any given set of velocities as with those velocities reversed. And so we speak
of the second state with reversed velocities as equivalent to the second state.

12. If F'f’ = Ef, the number of reverse collisions is not equal to the number of
direct collisions. And, therefore, more (or fewer) pairs of systems pass out of the
first state into the second than wice versd. In that case the number of systems M,
whose coordinates and velocities are within the limits A, A’, is increased by collisions
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with systems m, whose coordinates and velocities lie within the limits B, B, by the
quantity

dpy .. dpu_ydp, ... dp,_, dR (F'f" — FF) R per unit of time,

and is increased per unit of time by collisions with systems m for all values of

Pret - -« Pau by the quantity
dps . dpedpy - dp ([ (FF =) Rdp,, . . dp,_ydR,

all values of p, ., &c., being included in the integration.

We will now assume (see p. 418, post) that the velocities of M and m are not on
average altered except by collision between M and m. And so the above-mentioned
increments are the only increments by which the class of M systems within the limits

A, A’ is affected.
In that case

i dp, ...dp,=dp,... dp,‘H. o (F = EARAp, . dpuy dR,

and, therefore,

H e OCEUE log Fdp, ... dj.Dr (over all values of p, . .. p,)
= ”n Ce (F:f’ —_ Fj) Rlog F dpl Ce Ol]'Oﬁ__l dR.

By symmetry, as the right-hand member includes all possible collision between
M and m,

d .
[f - ;Z{;log_]"olper ... dp,
- j"[ e (F:f/ — F:f) R logfdpl e d_é?n—l dR;

and, therefore,
¥ \ ( i :
” oo log Fdp, oo dp7.+H. . Ez—t-logfolp“rl.. . dp,

= ([ ... FF =) Rlog (¥) dp, . . . dpu_y IR
By symmetry, as we may interchange the accents,
ar . df .
” .. E;log]ﬂ"olp1 oo dp, + ” .. (%»logfdp,ﬂ .. dpy

= [ | [ . (Ff = TFF) Rlog (F7") dp, . . . dp,_, dR,
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and, therefore,

_-:-;—HJ'...(F’j’—Ff)RlongE?;dpl...dj;,,_ldR.

Now let

H= ”_“ . F(logF —1)dp, .. .dp, + J’“ o flog f—=1)dp,yy ... dpy,

and, therefore,

%I; ”j .. ég—longpl codp + J.” = :Z log fdp. .,y ... dp,

=3([[... @7 ~ F)R1og ]TE; Ip, - .. dps_y dR,

as we have seen.
Now, this expression is necessarily negative, unless F/f" = Ff whenever the pair of

systems having coordinates and velocities p, ... p, can pass by collision, and, there-

fore, with unchanged kinetic energy, into the state in which they are p, . . . P, that
is, unless the MAXWELL-BoLTzMANN distribution exist, and is then zero. H therefore
tends to a minimum which it reaches when Ff = F'f". ’

We will now make

H=H+K

where H, is the minimum value assumed by H when F'f" = Ff. Then dH/dt = 0,
and dK/dt = dH/d¢, and is always negative. 'We may define the function K to be the
disturbance, and (1/K) (dK/dt) to be the rate of subsidence of the disturbance by
collision. In certain cases, we can calculate the rate.

13. We have assumed that f varies only as the result of collisions. That is, if
of /ot denote the time variation of f due to causes other than collisions, and 0H /ot be
formed from 9f/ot as dH/dt from df/dt, then cH/ot = 0, on average. It is worth
while to consider on what condition this may be safely assumed.

Let

Bl Trog s p, ... dp.

As we are dealing with rigid elastic bodies under the action of no forces, we may
treat f as a function of three translation velocities, and three angular velocities,
wy, Wy, Wy, about three principal axes of the solids. Let A, B, C, be the principal
moments of inertia. Evidently, there being no forces, the translation velocities cannot
vary except as the result of collisions. But for each solid, w,, w,, w; may vary, the
law of their variations being EULER's equations. We may, therefore, in calculating
oH /ot treat f as a function of w,, w,, wy only. Then

MDCCCXCIL—A., S H
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418 MR. 8. H. BURBURY ON THE COLLISION OF ELASTIC BODIES.
?f___ df El_w_] + ﬁlf_ daw, jlf diw,
ot dw, dt dw, di dw, dt
B—Cdf C—A df A-Bdf
=" A e wy Wy + B duw, w, Wy - ¢ dw, w, Wy,
and
o _ B C

d
2= |l ;z‘;f:; log f . 1y wy . duwy dw, iy,

with two other corresponding terms, the limits being in each 4 o. Now, with these
limits,

_( ” " log /' wy g . dw, dw, dw,

dw,
= ” dw, dw, w, 1wy { f1og fr, =0 — f1log fo = _w}-

Now, we may assume f'= 0 and f'log /= 0, when any one of the three variables is
infinite, whether positive or negative. And this assumption is sufficient to justify
the statement 0H /ot = 0.

14. Itis possible to calculate, in a simple case, the rate at which a disturbance subsides
by collisions. For example, two sets of elastic spheres, N of mass M, and n of mass
i, in unit of volume.” In the normal state, the number in unit of volume, whose

velocities are represented by lines drawn from an origin to points within an element
of volume U? sin 0 df d¢p dU is for the M spheres

N <’QJ> &= M 2 sin 0 df dgp dU,

where U, 6, ¢ are usual spherical coordinates ; or, let us say,

- F(U)=N <]3M>; €= MU,

w

Similarly, for the m spheres,

expresses the law of distribution of velocities in the undisturbed state. We will
write I and f for these expressions.

We will now suppose there is a small disturbance consisting in 4 having different
values for the twosets. Let/ be writteu 7 (1 + D) for the M spheres, and A (1 4 d)
for the m spheres. We shall neglect third and higher powers of D, d. Then F
becomes in the disturbed state

T
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that is,
N<h71:d > (1 + D)fem™ {1 — ADMU? + terms in D%}

(It will appear that terms in D? &c., are not required.)
Similarly f becomes

" <7MH> (]_ + Cl) — Ru? ( — dhmu® -+ d? &G)

We will further suppose that the disturbance is introduced without changing the
total energy. That gives the relation

3

Negasmy T raasy=a®+n
or

1+D 1+(l

15. The disturbance will subside by collisions between M and m. And we will
treat of the case in which it subsides in such manner that the above values of F and f
apply at every instant with the values that D and d at that instant have. Such a
mode of subsidence is possible, at all events if our equations lead (as they do) to
a relation of the form (1/K) (dK/dt) = constant.

Let us then form the function

H= rr rr F (logF — 1) U?sin «a da dB dU,
0J09Y0
where U, «, and B are usual spherical coordinates,

+ [ [] 7 togs = 1) sin a dudp du,

0

where F and f have the values above given.

That is
H = §log (1 + D)[[[F.U* sin a.da dg dU
+ $log (1 + @) [[[ f sin . da B o
+ terms independent of D and d,
or
H =N 32log (1 + D)+ nlog (1l 4+ d),
+ terms independent of D and d,
because

”IFU? sin o dadBdU =N

[[[f25i0 o da @ = .
32
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420 MR. S, H. BURBURY ON THE COLLISION OF KLASTIC BODIES.

The terms independent of D and d are equivalent to H;, the minimum value of H
when there is no disturbance.

And so
K=H-—H,=$§Nlog(L+ D)+ §nlog (1 + d).

That is
K=gn(d—5)+ 3N<D—]l>

Now since

N 7
repFiga=N+m
D = - nd

N—l—(N—l—n)d

and

C—spfd—P_sny . ™  _3 s
K= 2“<‘l_ >—§N'N+ (N +n)yd  *" {N+©N +a)d}

d? . N+ nd?
— 3 < 3 T — 3 T :
=an <d 2) 3l <1 N ‘l> YUN + (N + n)d}?

2 2
=3nd? — Snd® 4 35 42 — st e
2 4 2N 4«N

In order to find dK/d¢t we will transform our coordinates thus: Let V denote the
velocity of the centre of inertia of a pair of spheres M and m, p their relative velocity,
0 the angle between V and p. Then

) 2 2
U=Vt (3} ) g Vpeost
B) 5 " M 2 c)M
PV (i p) =gy VR oosd
and
M + m
and so

Ff = Nu <’i}:—4> <’“"> (14 D) (L + dyf e forswvs 2o (1 — DAMU? — dhmas?)
F'f' = No <’LM> (:’T”) (L4 DY (1 4 d)f e=# o+ vl (1 — DAMU” — dhmu?)

where U’, ©” are the values of U, u after collision.
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Therefore

B =B = N (2 () (1 Dy (1 sl i)
{DEAM(U"? — Uz) + dhm (W? —u?)}

Now, if " be what @ becomes after collision,

BT — o —_
U U? = 2Vp M g (cos 6" — cos 0)
'Y Y e NI- $ ) — "

| w? =t = —2Vp o igw (cos ' — cos 0)
Also by the relation

N

Lip T =N
D= — nd

N+N+n)d’

and making these substitutions

Ef = Bf = N () (M) (1 D (1 dpp e foere i)

Mm N + 2 !
0 e e e e s e 0 —
(hM+m“' p'N+(N+n)d(GOE’0 cosﬁ)d),

Also
‘ Ey — 7 Mm N+ n

log wm =hyr i 2PNy (N +n)d

(cos @ — cos &) d.

In forming (FIf" — Ff) log (Ef/Ff") we see that the last factor is squared, and so
the product contains the factor d%. We may, therefore, now write 1 for (1 4+ D)t and
(1 4+ d)}, and also write (N 4 #)/N for (N 4 7)/{N 4+ (N + n) d}, otherwise we
should have terms in d?.

Therefore

(B = B ) log o = = N (2 (72 e v

™ ™

h? d2< l\ﬁnm>2 4V3p? (N 4 + nf +(cos 0 — cos O).

Again, dK/dt contains the factor denoting the frequency of collision. Now the
number of collisions given V and p in unit of volume and time is proportional to
ws%p, where s is the sum of the radii of M and m. Also all directions of p before
collision are equally probable, and given the direction before collision, all directions
after collision are equally probable. Therefore, given V and p, the number in unit of
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422 MR. S. H. BURBURY ON THE COLLISION OF KLASTIC BODIES.

volume and time of colliding pairs for which the angle between V and p before
collision is between 6 and 0 4 df is Lws’p sin 8 df, and the number for which after
collision it lies between 6 and ¢ 4 d6”is $ws’p sin 0 df. Hence we have to
multiply (cos § — cos 0)* by Lws’p sin ¢ df sin 0" df, and integrate in each case from
7 to 0. The result is ms’p.

And so we get

ax _ Gl f'f_”) a0 [ Mm ( RUAN
dat T N d: M+m/ \ 7

w

\

M

X [ ( j V2V sin a de CZB§ dp dwp” € — v e 4V23 | s,
040
where V, «, 8 are usual spherical coordinates

\/ (M)  ws®

== i ™) oM +my 2L

Also, as we have seen
K= %1{; (N 4 n) &,

and therefore
1dK v M) s

Kd — \/ (N+ )(M—i-m) v
= — C suppose.

And if K, D, d, be initial values,
K=K, D = Dy, d = dye i,

the rate of subsidence is directly proportional to the density and to the square root of
the absolute temperature.*

* Since writing the above I find that this result has already been obtained for the case of elastic
spheres by Professor Tarr, by au independent method.
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